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A theory is developed for the linear stability of three-dimensional growing boundary layers. The method of
multiple scales is used to derive partial-differential equations describing the temporal and spatial evolution of the
complex amplitudes and wavenumbers of the disturbances. In general, these equations are elliptic, unless certain
conditions are satisfied. For a monochromatic disturbance, these conditions demand that the ratio of the
components of the complex group velocity be real, thereby relating the direction of growth of the disturbance to
the disturbance wave angle. For a nongrowing boundary layer, this condition reduces to da/dg being real, where
o« and g are the complex wavenumbers in the streamwise and crosswise directions, in agreement with the result
obtained by using the saddle-point method. For a wavepacket, these conditions demand that the components of
the complex group velocity be real. In all cases, the evolution equations are reduced to inhomogeneous ordinary-

differential equations along real group velocity directions.

1. Introduction

N this article, the linear three-dimensional stability of

slightly nonparallel two- and three-dimensional flows are
discussed. Two- and three-dimensional disturbances are
possible in two-dimensional flows.

A. Two-Dimensional Disturbances of Two-Dimensional Parallel
Flows

In the case of two-dimensional disturbances of two-
dimensional parallel flows, one can study their linear
behavior by assuming these disturbances to be traveling waves
that can be expressed in dimensionless variables as

pxy,t) ={(v)expli(ax—wt)] (1)

where p is the pressue, ¢ the time, x the distances along the
body, and y the distances normal to the body. The disturbance
is described by the parameters « and w and by the amplitude
function ¢(y). The function {(y) is governed by an eigen-
value problem that yields, for a given Reynolds R, a
dispersion relation connecting « and w in the form

w=w(a) ()

In general, w an « are complex and Eq. (2) provides two real
relations connecting «,,a;,w,, and w;, where the subscripts r
and i refer to the real and imaginary parts of a given quantity.
Thus, given two of these real parameters, one can determine
the other two from Eq. (2). When « is assumed to be real and
fixed, Eq. (2) provides a complex w=w, +ir; and the problem
is called a temporal stability problem. When w is assumed to
be real and fixed, Eq. (2) provides a complex a =«, +ior; and
the problem is called a spatial stability problem.

In the case of temporal stability, the growth rate of the
disturbance is w;, while in the case of spatial stability, the
growth rate of the disturbance is —«;. Gaster! proposed the
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transformation

o= —w/w/ 3)

where w/=dw,/da is the real group velocity. This trans-
formation works well when the imaginary part of the group
velocity w’ =dw/da is small. When it is not small, Nayfeh and
Padhye? proposed the transformations

dba=—w;/w’ (4a)
bw=—o;w’ (4b)

In Eq. (4a), w’ is complex and is determined from a temporal-
stability calculation. Hence, d« is complex; its real part is the
negative of the spatial growth rate, while its imaginary part is
a correction to the wavenumber. In Eq. (4b), »’ is complex
and is determined from a spatial-stability calculation. Hence,
dw is complex; its real part is the temporal growth rate, while
its imaginary part is a correction to the frequency.

To calculate w’, one can determine two or more values of o
and then use a finite-difference method. Alternatively, as
described in Sec. V, one can use the solution of the adjoint
homogeneous problem and express w”’ in quadrature in terms
of the eigenfunctions and their adjoints. Obviously, the
second approach is more accurate than the first.

B. Three-Dimensional Disturbances of Two-Dimensional Parallel
Flows

In the case of three-dimensional disturbances of two-
dimensional parallel mean flows, these disturbances are
expressed as

p(x.y,2,t) = (y)expli(ox+Bz—wi)] )

where z denotes distances normal to the flow direction
(spanwise direction). For a given R, the eigenvalue problem
provides a dispersion relation of the form

w=w(a,B) (6)

In general, w,a, and B are complex. Thus, Eq. (6) provides
two relations among the six real parameters, «,,o;,8,.8;,®,,
and w;. When four of these real parameters are specified, Eq.
(6) provides the other two real parameters. In the case of
temporal stability, o and 3 are assumed to be real and fixed,
and Eq. (6) provides w=w, +iw;. Thus, the temporal growth
rate is w;. In the case of spatial stability, w is assumed to be
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real and fixed, and Eq. (6) provides two relations among the
remaining four parameters. Then, the question is how to
specify two other relations in order to determine the
remaining four parameters. One can define a real
wavenumber vector k whose magnitude k and direction ¢
(wave angle) are defined by

k=(al+B82)%, Y=tan~1(8,/a,) M
Similarly, one can define a real growth rate vector ¢ whose
magnitude o and direction ¥ (growth direction) are defined by

o=(a?+B8H %, d=tan~'(B;/a;) (8)
As will be shown in Secs. IV and V, ¢ and ¢ need not be
equal. .

For an incompressible flow, Squire* showed that the three-
dimensional temporal stability of a two-dimensional parallel
mean flow can be transformed into a two-dimensional
temporal stability problem according to

k=(a?+B82)%, R=aR/k, &=wk/a ®

This transformation relates the wavenumbers « and 8, the
Reynolds number R, the frequency w,, and the growth rate w;
of a three-dimensional wave to the wavenumber k, the
Reynolds number R, the frequency &,, and the growth rate &;
of a two-dimensional wave. Based on this transformation,
Squire concluded that, in a two-dimensional incompressible
boundary layer, the minimum critical Reynolds number is
given by a two-dimensional wave. Moreover, the most un-
stable wave at a given Reynolds number is two dimensional so
that it is necessary to consider the latter because disturbances
which appear physically are two dimensional. However, the
calculations of Mack* show that the most unstable wave at
any frequency other than the most unstable one can well be
three-dimensional.

C. Two-Dimensional Compressible Flows

For a compressible two-dimensional mean flow, Dunn and
Lin® and Reshotko® showed that the three-dimensional
stability equations cannot be transformed into two-
dimensional equations, as in the incompressible case, because
of the dissipation term in the energy equation. Mack’ found
that neglecting the dissipation term leads to at most a 10%
error in the amplification rate. Moreover, as the Mach
number M, increases, three-dimensional disturbances become
more and more important. When M, =0.8, the maximum
amplification rate has a broad maximum as a function of the
wave orientation. For supersonic flows, the numerical
calculations of Mack?® show that the most unstable wave is a
three-dimensional wave. Moreover, during a numerical study,
Mack? found that whenever the flow is supersonic, relative to
the disturbance over some portion of the boundary-layer
profile, there can be more than one unstable mode, in contrast
with incompressible flows. The most unstable higher-order
modes are two-dimensional, in contrast with the most un-
stable first mode, which is three dimensional. The effect of
nonparallelism on the stability of compressible flows was
analyzed by El-Hady and Nayfeh. ' The nonparallel stability
results are in better agreement with the Mach 2.2 experimental
data of Laufer and Vrebalovich!! and Kendall!? than the
parallel stability results. '3

D. Three-Dimensional Incompressible Flows

From his flight tests on aircraft with sweptback wings,
Gray !4 discovered that the boundary layer became turbulent
closer to the leading edge than on a corresponding unswept
wing. Using evaporation methods for indicating the state of
the boundary layer, he discovered the existence of regularly
spaced vortices whose axes lie in the streamwise direction.
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Since on a swept wing the spanwise pressure gradient deflects
the boundary layer toward the region of low static pressure,
the flow paths of the boundary-layer profiles differ from the
potential flow streamlines and a crossflow develops in the
direction normal to the streamlines (i.e., the mean flow is
three dimensional). The crossflow profiles have inflection
points, making them dynamically unstable and hence leading
to the generation of the vortices.!5!% This crossflow in-
stability was confirmed in wind tunnels on large swept wings
by Gregory and Walker. !5

The feasibility of using suction to maintain laminar flow in
the presence of crossflow instability was shown by Pfenninger
et al.,!” Bacon et al., '# Gault,'® and Pfenninger and Bacon?®
on a 30-deg sweptback wing. This feasibility culminated in the
successful maintenance of full-chord laminar flow on an X-21
wing.

The problem of laminar flow control on sweptback wings
and the discovery of Gray!4 of the crossflow instability
stimulated research into the linear stability of three-
dimensional flows. In contrast with the problem of two-
dimensional flows, disturbances in a three-dimensional flow
are always three-dimensional. Stuart!’ derived the general
linear equations that describe the three-dimensional stability
of three-dimensional incompressible boundary layers over
bodies, including the effects of boundary-layer growth and
body and streamline curvatures. He showed that the temporal
parallel stability problem of a three-dimensional in-
compressible flow can be reduced to that of a two-
dimensional stability problem. For a given R and w, his
transformation relates the wavenumbers « and 8 in a three-
dimensional flow with the streamwise and spanwise velocity
components U and W to the wavenumber k= (a?+82) # ina
two-dimensional flow having the velocity U= (a«U+8W) /k.
He used the inviscid form of these disturbance equations to
solve a two-dimensional stability problem for the rotating
disk boundary-layer profiles in the so-called critical direction.
Brown?! numerically solved the viscous eigenvalue problems
for the flows over a rotating disk and a sweptback wing.

Since the uncoupling of the crosswise stability problem
from the streamwise stability problem is artifical, a number of
attempts have been directed toward determining the stability
of the combined streamwise and spanwise stability problems
to determine the suction requirements for maintaining
laminar flow over sweptback wings. The form of the three-
dimensional disturbance is given by Eq. (5) leading to the
dispersion relation of Eq. (6) for a parallel mean flow. The
temporal stability problem can easily be solved by using
Stuart’s transformation and solving a fourth-order system or
by numerically integrating the original sixth-order system.
The resulting temporal growth rates need to be converted to
spatial growth rates, which can be used to determine the
amplitude of the disturbance and hence the n factor for
correlating the transition location.??>?* Srokowski and Or-
szag?s developed a computer code to calculate the maximum
temporal amplification rate with respect to wavenumber for a
given frequency from incompressible stability equations. This
amplification rate is converted into a spatial amplification
rate by using the real part of the group velocity, and is then
integrated along a trajectory defined by the direction of the
real part of the group velocity. Mack? performed spatial
calculations for the rotating disk boundary layer by assigning
the direction of growth to be the direction of the real part of
the group velocity. Mack* performed numerical calculations
for the Falkner-Skan-Cooke yawed-wedge boundary layers by
assigning the direction of growth to be almost identical to the
real part of the complex group-velocity angle.

It should be noted that the practical problem is laminar
flow control over sweptback wings on which Gray discovered
the crossflow instability. Since the mean flow over such wings
is not easy to calculate, a number of investigators 41521:2627
studied alternate flows that exhibit the crossflow instability,
such as the flow on a rotating disk and the Falkner-Skan-
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Cooke yawed-wedge boundary layer. Although the latter
flows exhibit the crossflow instability, it is not clear how one
can quantitatively relate the stability results for such flows to
those over sweptback wings. Moreover, for the rotating disk,
the disturbance vortices take the form of equiangular spirals,
whereas for the sweptback wing, the disturbance vortices have
their axes in the streamwise direction. Thus, the stability of
the actual three-dimensional flow over sweptback wings
should be analyzed for designing laminar flow control.

E. Relation Between Temporal and Spatial Stabilities

Nayfeh and Padhye? used the method of multiple scales?®
to determine equations describing the modulations of the
amplitude and phase of a three-dimensional wave propagating
in a nonparallel three-dimensional incompressible boundary-
layer flow. They used these equations to derive trans-
formations relating temporal and spatial stabilities and a
transformation relating the growth rates along two different
directions. We alternatively derive these transformations
from the dispersion relation given by Eq. (6). To this end, we
apply the dispersion relation at the two neighboring stability
states, (g,8p,w,) and (o, 8,w) . We let

w=wy+0w, a=ay+dx, B=6,+63 (10)

in Eq. (6) expand the result, keep linear terms in the per-
turbation quantities, and obtain

dw=w, 0+ wsdp an

where w, and wg are the components of the complex group
velocity in the x and z directions, respectively.

To convert from a spatial to a temporal stability, we take
da= —ia; and 6= —iB;, where «; and B, are the imaginary
parts of a, and 3, so that « and (8 are real. Then Eq. (11) can
be rewritten as

dw=—iw, o; —liwgB; (12)

in agreement with the transformation obtained by Nayfeh and
Padhye.? It is convenient to express w, and wg in the form

w, =CCOSP,  wg=csing 13)
where ¢ and ¢ are complex. Using Eqs. (8) and (13), we write
Eq. (12) as

dw= —icocos(¢p — V) (14)

The imaginary part dw; of éw gives the temporal growth rate,
while the real part éw, of éw gives a correction to the
frequency w. Thus, the spatial stability problem
corresponding to the complex wavenumbers a, and 3, and the
real frequency w is transformed into a temporal stability
problem corresponding to the real wavenumbers a=a«, —- io;
and §=8—iB; and the complex frequency  + éw.

To transform a temporal stability problem corresponding
to the real wavenumbers «, and 3, and the complex frequency
w, =w, +w, to a spatial stability problem, we put éw= —iw; in
Eq. (11) so that w=w, — iw; = w, is real. The result is:

—iw; = w, 0o+ w88 (15)
Equation (15) provides two real relations among the four
unknowns é«,, 6c;, 603,, and 63;. Thus, to determine 6o and
68, we need two additional real constraints. Let us take these
constraints in the form

88 =datany (16)

where ¢ is real. Then, ¢ is the growth direction and we can
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write

da=bdkcosy, 8B="05ksiny an
where 6k is complex. Using Egs. (13) and (17), we rewrite Eq.
(15)as

ok = —iw,/ccos(Y— ) (18)

Hence, the growth rate o in the ¥ direction is given by 6= —
Imag. 6k or

o=w,;Real{ccos(¥ — p)] 19

in agreement with that derived by Nayfeh and Padhye.? Thus,
the temporal stability problem is transformed into a spatial
stability problem with the growth rate o as given by Eq. (19) in
the ¢ direction corresponding to the frequency w, and the
wavenumbers
a=a,+0k,cosy, B=p,+06ksiny 20)

We note that the wave orientation has been changed from
¥, =tan ! (B,/cp) to Y, =tan "/ (B/a).

To transform the growth rate from the ¢, to the ¥,
direction, we apply Eq. (18) for these directions. Thus,

ok, = —l'w,»/CCOS(\h —-@¢), O6k,= —iwi/CCOS(‘Zfz —-¢) 2D

Hence,
8k /8k; =cos(¥; —¢) /cos(¥, —¢)
If we let 6k, = —io,, then
bk, = —io, cos(¥, — ) /cos(¥, —¢)
Putting 8k, =k, —io,,, we find that
a,, =a,,Re[cos(¥, —¢) /cos(¥, — ¢)] (22)

in agreement with Eq. (66) of Ref. 2.

These transformations were verified numerically by Nayfeh
and Padhye? for two- and three-dimensional incompressible
mean flows and by El-Hady and Nayfeh!® for two-
dimensional subsonic and supersonic mean flows.

F. Three-Dimensional Compressible Flows

Mack?® and Lekoudis® presented numerical calculations
evaluating the effects of compressibility on the stability of the
boundary-layer flow over an infinite sweptback wing. Their
results show that, in the forward crossflow instability region,
the maximum growth rates calculated by using the in-
compressible stability theory are about 10% higher than those
calculated by using the compressible stability theory. In the
rear crossflow instability region, the difference between the
maximum growth rates calculated by using the incompressible
and compressible stability theories is much larger than 14-
40%; hence, the use of the incompressible theory is not
recommended.?® In regions of weaker crossflow instability
(away from leading and trailing edges), where the instability is
dominated by a Tollmien-Schlichting instability, com-
pressibility reduces the maximum amplification rate and
considerably changes the wave orientation of the most un-
stable wave.

II. Problem Formulation
In this paper we develop a theory that can determine the
growth direction of three-dimensional waves in three-
dimensional, compressible, growing boundary layers. This
direction is needed for calculating the wave amplitude and
hence correlating transition locations. Lengths, velocities, and
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time are made dimensionless using a suitable reference length
L*, the freestream velocity U% , and L*/U?% , respectively. The
pressure is made dimensionless using o U%?. The tem-
perature, density, specific heats, viscosity, and thermal
conductivity are made dimensionless using their
corresponding freestream values.

To study the linear stability of a steady three- dlmensxonal
compressible boundary-layer flow (basic flow), we superpose
a small time-dependent disturbance on each mean-flow,
thermodynamic, and transport quantity. Thus, we let

4(x,y,2,t) =Q, (x,5,2) +q(x,,2,1) (23)

where Q. (x,y,z) is a three-dimensional basic-state quantity
and ¢(x,y,z,t) is a three-dimensional unsteady disturbance
quantity. Here, ¢ stands for the velocity components (u,v,
and w), temperature T, pressure p, density p, and viscosity p.
Substituting Eq. (23) into the dimensionless Navier-Stokes
and state equations, subtracting the basic-state quantities, and
linearizing the resulting equations in the ¢’s, we obtain the
following disturbance equations:

3
a’t’ + o= (ogu+oU,) + 5 (psv+pV )
+ 2 owtow,) =0 24
oz Ps pWs)= 24)
u ou U, u aU. u
—tU,—+u—="+V,— : —
a TSt tg T, Ty

au. EYY; aU, aU ap
+w—’)+ (U b A 5):-—
az ) TP\%s e Ty T, ax

1¢a a a3 ad
+1_€{_[ ( u+m—2+m—w>+u(raU’ maV‘

ox ox ay 9z ax ay
:1/% i} du v U, av.
ema )+l r ) w5+ 52)]
9z ay L dy  ox tu dy + ax
()
az M\ ax Taz/ TH\ ax az ]} 25
v av av, v aV v av;
+U,S +u w2 )
( at ax S ay ay a9z v az
av, av, av. ap 1 ¢o Ju
+o(, 5 ) =t elaln (G
p ax * oy 5 9z ay+R ax LHs ay
av aU, advV a ou dv w
v (G 3 |5 (g v +m )
ax/ "M\ sy T ax ay Fs\"ax oy 5
SR NI 2% P LT
" T ey az 9z M\az " 3y
eS| :
"\ oz a (26)

+u, 2l w
o T T gyt W Yy

aw aw aW aw AW, aw I, )

W, oW, WaWs)z_a_;_)_{_I{a[ ({i_y
dz R

+(U L4V, + —
P\™s Tox S ay ¥ oz ax "\ ax

()] 2 4)
az) "MUax T 5 ay
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() o o)
Mz T ey bs ay oz

+£[ (maus +maV3 +raW5)]} 57
az ax ay 9z @7

— YU, — +o—=+V,—~ + —
o Yoy TUsge v e T Wy

[aT aT, 8T 8T, _ dT 4T, WBT]

9T, T, aT
+p[ W ] (v 1)M2[3’—' 2P

Sax S ay 3z a " ax
ap op  _ dp, ap 1 ] 1
=ty = W= + =&+ —
+Us S ax t s dy tw 9z s 9z R + RPr
%52 (e +452) + 35 (w35 +452)
Pl 2w th
4 ]
+— 28
- (us ) 28)
T
£_2,2 29)
ps T, p

where ®, the perturbation dissipation function, is defined as

o= {2 (auxa_u+
“H U\ ox ox

v, dv
dy ay

2 [aU (av+aw>‘+aV (6u+8_w)+8Ws (a_g
" ax 92/ " 9y \ox T az/) " oz \ax
av du v\ faU; aVS)

+6y)] +2(ay+ax>< ay T ox

+2(a—u +‘2‘—v) (aUX +6Ws)
iz ox d ox
v dw\ saV, oOW

5+ 5) G vy =b(5)+ (5

M 3z dy 9z ay

+(6Wx>2] +2m[ausa_5+au aV ]

az ox 09y ax ay ay 6
au, aVS>2 (aUS aWS) ( )}
(=2 +— 30
+(ay * ax 9z ax 30)

Moreover, r and m are given by

W, aw)
9z 09z

)

r=%(e+2) =%(e—-1)
where e =0 corresponds to the Stokes hypothesis.

The problem is completed by the specification of the
boundary and initial conditions. The boundary conditions are

u=v=w=T=0 at y=0 31

w,o,w,T—0 as y—o (32)
where the disturbances are assumed to be subsonic. For the
initial conditions, we consider two cases. First, we consider
the disturbance to be generated by a source (such as a
vibrating ribbon) oscillating at the frequency w (i.e.,
monochromatic wave) at the curve defined by x=0. Thus, we
can express this initial condition for the pressure as

p(xy,z,t) =P(y,z)exp(—iwt) at x=0 33
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where w is real. It is convenient to express the z variation in
Eq. (33) as a Fourier integral; that is,

p(xy,2,t) =[P(y,8)expli (Bz—wt)dB at x=0 (34)

where 8 takes on all possible complex values. Second, we
consider a general initial disturbance (wavepacket) at the
curve defined by x =0. Thus, it can be expressed by the double
Fourier integral

P(x.2.2,1) =[{P(y,8,0)expli(Bz~w!)]dfdw at x=0 (35)

We restrict our analysis to mean flows that are slightly
nonparallel; that is, the normal velocity component is small
compared with the streamwise velocity component. This
condition demands all mean-flow variables to- be weak
functions of the streamwise and spanwise positions. These
assumptions are expressed mathematically by writing the
mean-flow variables in the form

Us = Us (xl’zliy)’ Vs =6V;‘(x,,z,,y), W; = Ws (xX1,%.2;),

Ps=p:(x,2;), T,=T,(x;,2,,9) (36)

where the slow scales x; =ex and z, =ex are used to describe
the relatively slow variations of the mean-flow quantities. In
what follows, the asterisk will be dropped for simplicity of
notation. The viscosity coefficient is assumed to be a function
of the temperature only, so that we can write

d .
=T (1) =wT @7

III. Mean Flows Independent of Spanwise Direction
In this case, Eqs. (24-32) are independent of z and ¢. Since
these equations, as well as the initial conditions, Eqgs. (34) and
(35), are linear, the initial conditions suggest a separable
solution in the form

g=q(x,x;,y)expli(Bx~wt)] (38)

where 8 and w are constants. Then, using the method of
multiple scales,?® one can determine an approximate solution
to these equations. For example, the pressure can be expressed
as

p=¢(yx;)explifa (x;)dx] (39)

where ¢ is a known eigenfunction and « is a known functional
of the eigenfunctions. Hence,

p=t(rx;Yexplife (x,; ) dx +iBz — iwt] (40)

Equation (40) shows that the wave orientation angle ¥ =
tan —/ (8/a) is not a constant but a varying function of the
streamwise location. Consequently, one should not fix the
wave orientation but fix 8 for such flows. For the case of two-
dimensional compressible flows, Mack26 found that for a
given frequency the wave orientation can change by a few
degrees from neutral point to neutral point. This change has a
substantial effect on the maximum amplitude ratio deter-
mined from parallel 2 and nonparallel !° stability theories.

Near the leading edge of a sweptback wing, the mean flow
and, hence, o vary appreciably with the streamwise location.
However, away from the leading edge, «,/R is approximately
constant. Hence, «, varies slowly with the streamwise
position. Consequently, the wavelength of the disturbance in
the midchord region is approximately constant.
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IV. Integral Representation and Saddle-Point Method

When the mean flow is parallel, o and { are independent of
x,, and Eq. (40) becomes

P=¢(y;B)expli(ax+pBz—wt)] 1)

Summing over all possible values of 3, we find that for a
monochromatic disturbance

P(x%,,2,t) =exp(—iwt) [$(y;8) explic(B) x +iBz)dB  (42)

where a=a(f). To evaluate the integral in Eq. (42), one
needs to solve the eigenvalue problem for all possible values
of 8 and then perform the integration—an  expensive
procedure. However, far from the disturbance (i.e., large x),
we can use an asymptotic analysis (namely, the saddle-point
method) to determine an approximation to the integral. To
this end, we write the exponent in the integral in Eq. (42) as

i (B)x+iBz=ixx 43)

where
x=a(B) +z8/x (44)

As x—o with z/x being constant, the leading term in the
asymptotic expansion of the integral in Eq. (42) arises from
the immediate neighborhoods of the saddle points.3! They are
given by dx/38 =0, or

da/dB+2z/x=0 (45)

When Eq. (45) is satisfied by one value of 3 denoted by 8*, the
asymptotic representation of Eq. (42) yields

explia(B8*)x+iB*z—iwt]
[x(82a/3B?) (B*)] %

p(x,,z,t) (46)

The solution given by Eqgs. (45) and (46) is general and
applicable to complex values of x and z. For the problem
under consideration, x and z are real; hence, only the solution
of Eq. (45) for real x and z provides a representation in the
physical space. Thus, for the physical problem, the imaginary
part of da/dB must be zero. Consequently,

da/dB = ~z/x=real number 47)

When « is an analytic function of 8, we can use the Cauchy-
Riemann conditions to rewrite Eq. (47) as.

da,/38,= —z/x (48a)
30;/36, =0 (48b)

Equations (48) define the complex quantity 8* =8+i8} in
terms of z/x. Moreover, along a given ray in the xz plane, 3*
is constant. Thus, for example, to calculate the amplitude
ratio and hence the factor n for transition correlations, one
divides the B} axes into intervals and identifies these intervals
by their midpoints. Moreover, with each interval is associated
a group of waves. Using the midpoint value, one iterates on
the value of 3} that satisfies Eq. (48b). This fixes the value of
B} and, hence, determines z/x and the corresponding ray in
the xz plane. Then, it follows from Eq. (46), that the am-
plitude a of the wave along this ray is

o exp[—a; (8*)x—B7]

[x(3%a/dB?) (B*)*
_exp{ — [ (8%)~ 87(32,/38,) (B*)Ix) ('49)
[x(32a/082) (B*)] %
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It should be mentioned that the preceding saddle-point
analysis is valid only for parallel (i.e., nongrowing) boundary
layers. For a growing boundary layer, we obtain next an
asymptotic solution by using the method of multiple scales.

V. Method of Multiple Scales

Instead of outlining the analysis for a monochromatic
wave, we outline it for a wavepacket so that we do not need to
repeat it again. Thus, we seek a solution to Eqs. (24-32), (36),
and (37) in the form

‘I(x,y,z,f) = [qo (xlrzlxtl)y)
+eq, (x;,2,,t,,p) +...]exp(if) (50)
where £, =¢f and

a6 a6
—=-w, — =a(X,Z;),

%—B( 51
at ax oz X{’Zl) Gh

Assuming that 4 is continuously differentiable, we have

O _ 38 52)
daz, Ox,

Substituting Egs. (50) and (51) into Egs. (24-32), using Egs.
(36) and (37), and equating the coefficients of ¢° and € on both

sides, we obtain equations describing the zeroth- and first-
order problems. Using the notation

2oy =Ug, Zgy=Duy, Zg3 =0y Zp4=Dy
ZO5=T0, 206=DT0’ Z07=W0, 208—_—DW0 (53)

we write the zeroth-order problem in the compact form

8
D2y = ) @np2,, =0 for n=12,...,8 (54
m=1
Zo; =293 =29;=0 and zy5=0 at y=0 (55)
201,203,205,207,"’0 as y—o (56)

where D=4/3y and the a,,, are the elements of an 8x8
variable-coefficient matrix whose nonzero elements are given
in Appendix A. Given R and two real relations among the
parameters «,,«;,3,, and §;, the eigenvalue problem, Egs.
(54-56), is usually solved numerically to provide two other
real relations among these parameters and an eigenvector
solution that can be expressed in the form

Zom =AX1208) 80 (X1,0,2)) 7N

The amplitude function 4 (x,,z,,¢,) is arbitrary at this order;
it is determined by imposing the solvability condition at the
next order.

Using Eq. (57), we write the first-order problem as

8
aA A4 94
Dz~ ) @2, =D, +E,— +F,—+G,A

"ot, " ax, 4z,
for n=12,...,8 (58)
1=2;3=2;;=0, 2z;5=0at y=0 59
2115213521521 0 as y— o (60)

where the D, ,E,,F,, and G, are known functions of the
$po0B, and the mean-flow quantities; they are given in
Appendix B. Since the homogeneous parts of Eqgs. (58-60) are
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the same as Eqs. (54-56) and since the latter have a nontrivial
solution, the inhomogeneous equations (58-60) have a
solution if and only if the inhomogeneous parts are or-
thogonal to every solution of the adjoint homogeneous
problem; that is

o0

SmE [D LAy R e A] wdy=0 (61
0"=1 nat[ aX na g‘n Ly = (

where the {%(x,,y,z;) are solutions of the adjoint
homogeneous problem

8
D+ Y, @y th=0 for n=12,...,8 (62)
m=1 4
C=t=1=0, {$=0at y=0 (63)
$3,85.86,55—~0 at y—~oo ‘ 64)

Substituting for the D,,,E,,F,, and G, from Appendix B into
Eq. (61), and rewriting the result in terms of the original
variables, we obtain

0A 94 94
. - h ) )
o +w "‘ax +w5a =¢ch,;(a,B3,x,2) A (65)

where w, and wg are the components of the complex group
velocity in the x and z directions; they, along with 4,, are
given in quadratures, as in Appendix C.

To determine the equations describing o and 3, we replace
Zo, With {, in Eqs. (54-56), differentiate the result with respect
to x,, and obtain

a¢ 8 ¢, . da a8
D(-_”>_ E ”"'"(axn) E"T+F" dx
A 1 1

axl m=1
+ el ] 66
E o |, (66)
3, _ 8¢5 95, a5
.1 RS F A =0, —=0at y=0 67
ax, ox,  ox ax, &Y 67

af, a¢; a5 9,

-0 as y—oo 68
ax,” dx; ax, ax, 7 (68)

Applying the solvability condition to Egs. (66-68), we obtain

da 3,3
Wy ax +wg ax. =h,(a,8,x,,2;) (69)
X

where h, is given in Appendix C. Similarly, differentiating
Eqgs. (54-56) with respect to z; knd applying the solvability
condition to the resulting problem, we obtain

do aB

dall =
Wy azl +wﬁ azl 3(a,B,X1,ZI) (70)

where h; is given in Appendix C. Using Eq. (52), we rewrite
Eqs. (69) and (70) in terms of x and z as

da da

W, ax +wg — 7z =¢eh,(,5,X,2) (71)
3 3
wuee +ay aB —eh, (a,rx,2) (72)

Equations (65, 71, and 72) describe the evolution of the
amplitude, phase, and wavenumbers of the disturbance.



412 A. H. NAYFEH

For a monochromatic wave, w is constant and Eq. (65)
reduces to

A A
W 5o +wg Py =eh,;A (73)

In general, wg/w, is complex and Eqs. (71-73) are elliptic for
real x and z. When x and z are analytically continued in the
complex plane, Eqgs. (71-73) can be rewritten as

dA

P =eh, (a,B,x,2)A (74a)

da -

35 —ch2(aBx2) (74b)

dB ‘

i =eh; (a,B,x,2) (74c)
where

dx dz 75

— =W —_—=

ds = gs 8 (7)

It follows from Eq. (75) that

dz  wg
by (76)

Hence, Egs. (74) and (75) represent a physical problem only
when wg/w, is real because z and x are real.

For a parallel flow, condition (76) reduces to condition (47)
obtained by the saddle-point method. To see this, we dif-
ferentiate Eq. (6) with respect to 3, note that w is constant,
and obtain

da
W, (ﬁ +wg=0 (77a)
Hence,
do 9 77b
B e (77b)
and Eq. (76) can be rewritten as
dz do areal quantit 77
— =— — =ar u
I 8 q ity (77¢)

which defines the propagation of the wave.
For growing boundary layers, 8 and « vary along the rays

as in Eqgs. (74). The equations describing « and § are -

nonlinear coupled differential equations that need to be
solved simultaneously. Usually, o and 8 are determined by
solving the eigenvalue problem rather than these differential
equations. For a first-order estimate, one may approximate a
and 8 by

a=¢clh,ds B=¢fh,ds (78a)
Moreover, it follows from Eq. (74a) that
A=Ayexp(efh,ds) (78b)

where A4, is a constant. Using Eqgs. (51, 57, 76, and 78b) in Eq.
(50), we obtain

h
u=Ay, (XI,ZI,'y)exp[iS(a+BjTﬁ)dx +6S—;’—dx—iwt]

[22 a
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The amplification of the wave, as in the two-dimensional
case, depends on the normal distance from the wall.
Moreover, it depends on the spanwise location. In the
quasiparallel approximation, {, is independent of x, and z,,
and 4, =0.

VI. Wavepackets
For a wavepacket, the disturbance consists of many
frequencies and it can be represented for the case of parallel
flows by the following integral for the case of spatial stability:

P(x.y,2,1) =ff¢ (;8,w)explia(8,w) X +iBz—iwtldwdB  (80)

where the integration extends over all complex values of w and
8. Using the saddle-point method,3! we ¢an write an asymp-
totic expansion for Eq. (80) valid for large x with z/x and x/¢
being constants as

Playzt) explia(B*,w*)x +iB*z—iw*f] o

[Pa e (2ay:
38? dw? 0B0w
The saddle point (8*,0*) is defined by setting the partial

derivatives of the exponent ax + 3z — w? with respect to w and
B equal to zero. The result is

z da ! da
==, - = 82
X a3 x Ow (82)
In order that Egs. (81) and (82) represent the physical
problem, da/38 and da/dw must be real. )
For the case of temporal stability, the integral represen-
tation of p can be written as

pxy.z,t) =§§¢(y,0.B) expliox+iBz — iw (o, B) fldadB  (83)

Again, using the saddle-point method,3! we can write an
asymptotic expansion for Eq. (83) in the form

explia*x+iB*z—iw(a*,3*)]
[» 4

84
t[azw 3w ( 3w )2]% ®4)
do? 9B? dadf3
where the saddle point is given by
0 a
)_( — 0w , z — 9@ (85)

In order that Egs. (84) and (85) represent the physical problem
dw/da and dw/ 3B, the group velocities must be real.

It follows from Eqs. (82) and (85) that the rays passing
through a saddle point are defined by complex values of «, 8,
and w, except those corresponding to maximum amplification
on which dw;/da and dw;/d3 vanish. Since the dispersion
relation is usually calculated from a temporal stability in
which « and B are real but » may be complex, expansion
procedures are usually used to define the locations of the
saddle points from these calculations for slightly non-

conservative systems. For the two-dimensional case, the result
132
is

expliofx—iwlaX)t+w; (a}) ]

86
[t0%w,/0a?] (86)
where o is defined by
X  dw,
T=T (@) ®7)
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For the three-dimensional case, the result is 33:34

expliofx +if}z —iw, (a,‘,B')t+w~ (a}.87)1]
[= 4

88
(5 5t - a1’ "
da? 862 da 33
where o} and 3} are defined by
X 0w, z _dw,
P = 9o a:ﬁ); t-' 33 (asB) (89)

Equations (86-89) state that the various components of the
spectrum of a disturbance propagate along rays defined by the
real parts of the group velocities, as in the conservative case;
but in this case, each component amplifies or damps by the
amplification rate w,; appropriate to each ray. To determine
_the limitations of Eqs. (86-89), we present next the details of
their derivations.

For the two-dimensional case, the saddle points are defined
by the first of Eq. (85). Let a, denote the real part «, of o and
let «—a, be a small quantity. Then, it follows from the
dispersion relation w=w(«) that

w=w(ay) tw, (o) (a—ay) + Yw,, () (a—a0)2+...

(90)
and from Eq. (85) that
x/t=w, (ag) +we, (ap) (a—ap) +... ©on
Hence,
ax—wt=ayX+ (a—ag)Xx—w(ay)t—w, (ay) (a—oapy)t
— Vrwo (ag) (a—ag) 2t + ... 92)
Eliminating w, () from Egs. (91) and (92) yields
ax—wt=ayx—w(ay)t+ Vw, (a) (a—ay) ?t+... 93)
Putting w=w, +iw;, where w; €w,, in Eq. (91), we have
x a 6 3w,
i (ao)+ 7 (0g) (e —ag)
92w
it () (a=atg) +... (94)

When the derivatives of w; are small compared with the
derivatives of w,, one can determine the following ap-
proximate expression:

a—oy= ( o)/ (ao) (95)
where
X aw

7= (96)

Thus, Eq. (95) is a uniform expansion only when the above
conditions are satisfied. They are satisfied for rays near that
corresponding to the maximum amplification, but may not be
satisfied for the other rays. Substituting for (¢« —«,) from Eq.
(95) into Eq. (93) yields

sty x— [(dw;/8a) (ay)]?t
o= w(aO)t+2(aZw,/aaz)(ao)+"' ®7
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Comparing Eq. (97) with the argument of the exponent in Eq.
(86) shows that there is an extra term in Eq. (97) which is
negligible only when (dw;/da) ? €32w,/3a?; this condition is
less restrictive than the condition necessary for the uniformity
of Eq. (99).

For the three-dimensional case, it follows from the
dispersion relation w=w(a,3) that

w=w(0) +w, (0) (a—ay) +wz (0) (B—By) + V2w, (0)

(a—ao)z +Wes (0) (a—ayp) (ﬁ_Bo) + %")pp 0) (B_Bo)z +...
8)

and from Eqgs. (85) that

X/1=w, (0) + 64 (0) (@—atg) +w,6(0) (B—Bp) +...  (99)

2/t=wg (0) +wog (0) (a—ay) +wg5(0) (B—By) +...  (100)
where F(0) stands for F(a,,8,). Hence,
ax+fz—wt=ax+B,z—w(0)t+ (a—ay)x+ (B—By)z

~w, (0) (a—ag)t—wg (0) (B—By)t = V2w, (0) (a—axp) 2t
—wog (0) (@—0ary) (B—B4) 1 — Vewgg (0) (B—Bp) 2t +...
=apx+ 8oz —w(agBy) 1+ Yowy, (0) (a—aty) 2t

o (0) (a—ag) (B—Bg)t+ Vewpg (0) (B—B4) 2t +... (101)
Assuming that w=w, +iw;, where w, €w, and the derivatives

of w; are small compared with the derivatives of w,, we find
from Eqgs. (99) and (100) that

_ ,[aw,- 3%w, g&.azw,][azw, 3%w,
%= 34 382~ 38 9038 )L aa? 382
102
(aaaﬁ ] (102)
BB, = [aw 3w, é& Bzw,][azw, 3w,
0" 798 da?  da dadfllaa? 882
azw’ 21 -1
'(aaaﬂ ] (103)

where o, and 8, are defined by

X dw, z_
t 14

B8) (104)

36

Equations (102) and (103) are uniform expansions if and only
if their right-hand sides are small compared with «, and 3,,.
These conditions are satisfied for rays near that correspon-
ding to the maximum amplification, but may not be satisfied
for the other rays. Substituting Eqs. (102) and (103) into Eq.

(101), we have
1[/0w;\20%w
ax+Bz-—wt=oz0x+ﬂoz——w(a0,Bo)t—5 [(Ta:‘ _a-[-iTr

dw; 0w; 3w, +(E& 282w,][82w, 9w,

B OB 30135 B/ da? da? 882
da, ] 105
908 (105)

Comparing Eq. (105) with the argument of the exponent in
Eq. (88) shows that there is an extra term in Eq. (105) which is
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negligible only when

(60),-)232(», dw; dw; 3%w,
da / 9B? da 33 dadp
+ (aw,. )232w, <
B/ do?
This condition is satisfied for all rays close to the one
corresponding to maximum amplification but may not be
satisfied for the other rays.

Gaster** used the approximation defined by Eqgs. (86) and
(87) for the case of unstable waves. He found that caustics
develop in the solution when 92w, (a,)/da? vanishes.
Gaster 3 later pointed out that these caustics are not physical
but are the result of the approximations given in Eqs. (86) and
(87), because when 0dw;/da is not small compared with
32w, /da?, the expansion, Eqgs. (86) and (87), breaks down.

For a growing boundary layer, one needs to use equations

such as Eqgs. (65, 71, and 72). They can be written in the
characteristic form

?w, 32w, (azw,)Z
da? 9B2 dadfB

d4 _eh; do _en, dB _eh;

— A, —=—=, —= 06
dx o, dx o, dx o, (106)
along the rays
ds I dz_ wy
—_—=— — =% 107
dx w, dx o, (107

For the physical problem, w, and wg; must be real. Thus, to
calculate the disturbance amplitude and hence n for
correlating transition, we divide, for example, the disturbance
into groups of waves centered at the real frequency »} and the
real spanwise wavenumber 8. For each group, we iterate on
the values of w}and (3} so that the right-hand sides of Eq. (107)
are real. This step fixes the values of w}and 8} The solution
of the first of Eqs. (106) along the rays can be expressed as

A=A0exp[esgidx] (108)

o

Using Egs. (51, 57, 107, and 108), we rewrite Eq. (50) as

Bwg w

W, W,

)dx+eS£—1dx] (109)

a

u=A,fexp [ig(a+

Then, the amplitude of the disturbance can be calculated from
Eq. (109). The calculation is repeated for all other groups of
waves and the maximum value of the amplitude is used to
calculate » and hence correlate the transition location.

Appendix A
ap=as=a;=1, ay=a’+B?—ioR/uT,
a,,=—Dp/p,
ay; = —io(m+1)DT,/ T, —ioDp,/p, + RDU, /., T,
a,y=iaR/p,+ (m+1)yyM2ad
a,5=—a(m+1)6/T,—D(u.DU,) /n,
a,5=—p DU/ pg, a3 =—ia, a;3=DT/T,, a;,=iyM%&
a;s=—iw/T,, a;;,=—i8, a,=~ixa(rDT,/T;+2Dp/p,)

a,=—ixa, agz=x[—a?—-B2+idR/p,T,
+rD?T,/T,+rDu, DT, /p, T,
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a,4= —ixryM%[aDU, +BDW, — DT,/ T, — @Dy, /]

a,=ix[r(aDU +BDW ) /T +u(aDU,+BDW,) /p,
—rdDpg/p T

a=—ixra/T,, a,;=—ixrBDT,/T,—2ixBDp,/u,

a,=—ixB, agm=—-2(y—1YMZLPrDU;

a5y = —2i(y—1)MZ Pr(aDU, +BDW,) + RPrDT,/u,T,

ag=i(y—1)MZPrR&/

ags =a? +B7 —iRPra/u,T, - (y— ) M%Pru)[(DU,)*
+(DW,)?V/ ps~D?py/ps

= —2Dp,/p,, Ggg=—2(y— I)IMi,PrDWS

ag;=—i(m+1)BDT,/T,—iBDyu,/p, + RDW, /T,
03‘4 =(m+1)yM2LB&+iBR/u,
ags=—(m+1)8&/T,—D(u.DW,) /p,
age=—uDW,/ip,, ag,=a?+B2—idR/p,T,,
ags=—Du,/p,

where

po=dpu,/dT,, DF=3F/dy
and

d=w=aU,—BW,, x=I[R/p,—iryMZ o] !

Appendix B

8
. da
F”=—IE a,;;m g-m

m=]
where small terms O(R ~!) can be neglected.

G,=G;=G,=0

Gzﬁ[ﬂaﬁJrﬁ‘ﬂ V96, §7 90
P lT ax, T, 8x,  T,dy, T, g
W.ag, ag, yM2 §4 {5 1Y
+—i—+~+<w—°"———>(u :
T, 9z, dx, T, T? *dx,
au au
+V S+W—S>]+01
5 3y ¥z, ()
6= 8T Wy (e LI U2
T, ox, dx, ax, T, dx, T, dx,

2U,¢, 8T, (aus v, ow )( ¢
- - +—— +—— ) (ML, - —)
T2 ax, \ox, Ty Taz, /MRl g

s k3
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—v <7M23_Q_7Mis“4§5_iés“_5 &5’1)

< 9y T, oy T,dy T? ay
oy, (Be S ITY | OT, W05
daz; T, az,; T,0z; T, oz,
2Ws{; 9Ts 9%,
~283 8 7 yo(R!
T 9z, 9z, ¢ )

3 ., 085 . dV,
=iy 22y
Sax, = T ay S ay
3¢5

+W, —] +O0(R-1)
*3z, :

_(vMiQ ~ g)@xﬂ T, +Wsars>
T, T? dx, ay dz,;

y 3 4%,
+ V
a * dy

+(7—1)M£,(

§ 9T, _ {5 9T w 3

TTax Tz ‘"7 =

R [ U, 3¢,
G =——[—’—+
8 T, 9x,

]+0(1)

§ W, Vs 35
T, ox,; T, dy

Ws 3
TS 6Z,

& oW, 95, (MLE, gs_)(usaws
dx,

T, oz,  dz, T, T?

Saav;/ aaW )]+0(1)

Appendix C

=i Y "% gray

mn=1

8

*da,
S m ¢ crdy

mn=1 0

=i U [ 5,5

mun=1

w,=8,/8;, W=&3/8,

8

h=—gr E | Gty

Emady

a,

*da
higrt 3, [ %

m=1

8
. *da,,,
h,=igr! E so 3z,

mn=1

EnCady

B
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